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Abstract

We consider a family of codes which can be seen both as a special kind
of serial turbo codes and as LDPC codes having a parity check matrix
which is partly random and partly structured. These codes are linear-
time encodable, thanks to the turbo structure, and can be decoded as
LDPC codes. We provide an ensemble analysis for the waterfall region,
on the line of classical results for serial turbo codes, and we find some
design parameters.

1 Introduction

One of the main problems related to LDPC codes is their encoding complexity,
which is in general quadratic in the block length, as the generating matrix is not
low density. This issue has been addressed in two different ways. On one side
there are the results in [8], which allow to construct, for given generic LDPC
matrix, equivalent generating matrices with lower encoding complexity. On the
other side, there are the constructions of parity check matrices structured in
a such a way that allows easy encoding. A successful construction is the one
using matrices with a staircase part (i.e. a sub-matrix with ones on the diagonal
and on the lower diagonal, and zeros everywhere else), so that the encoder can
be seen as a serial concatenation of a repetition code, an interleaver and an
accumulator: this gives Repeat-Accumulate codes and their generalization, the
Irregular Repeat-Accumulate (IRA) codes, introduced in [5].

In this paper, we follow this second approach, studying LDPC codes which
can be encoded with a serial turbo structure. There is a wide literature on
analysis and design of IRA (see particularly [9]), but previous work focuses on
the design of the degree distribution of the variable nodes (the time-varying
number of repetitions) and of the check nodes (the so-called grouping factor).
On the contrary, here we investigate the possibility to vary the structured part
of the matrix, which is equivalent to choosing a different inner encoder instead
of the accumulator. To do so, we focus on the simpler case when the degrees are



constant and we analyze the performance following the classical results for serial
turbo codes in [1]. We analyze the performance of schemes with different inner
encoders in the waterfall region, showing at first that there is an interleaver
gain, i.e. for large enough SNR the average error probability goes to zero when
the interleaver length grows to infinity. Then we look at the behavior of the
main term when the SNR goes to infinity, as was done in [1] to underline the role
of the effective free distance of the inner encoder. The results in [1] generalize
to our setting in a non-trivial way, as the relevance of the inner encoder can
be shown only expurgating some codes from the ensemble. Our results are
theoretical and are coding theorems in the same sense as in [6]: they hold true
under ML decoding, on a memoryless binary-input symmetric-output channel
(e.g. BSC or BIAWGN).

2 Encoding schemes and parity check matrices

Consider the family of serially concatenated turbo encoders which have the
following structure:

- Rep, —  Sumg Yy

ey

By Rep, : ZY — Z5N we denote the repetition code with rate 1/r; Sumy :

75N — 7Z5N/% is defined by

Sumg(x) = (x1 + ... + Xs, Top1 + ...+ Tas, ...)

i.e. it gives the modulo-2 sum of every block of s bits (s is the grouping fac-
tor). Finally, let (D) : Z5((D)) — Z5((D)) be a rate-1 non-catastrophic and
recursive convolutional encoder, and let ¢ : Z;N/ i ZSN/ * be the truncated
encoder obtained by using the trellis of ¥(D) for rN/(sk) time steps. We will
always assume that NV is a multiple of sk, so that the above construction can
be properly made (this will be implicitly assumed also when taking limits for
N — 00). As a reminder of properties of convolutional encoders, notice that
(D) can be seen as a k x k matrix whose entries are fractions of polynomials,
and that ¥ (D) is non-catastrophic if and only if this matrix has an inverse whose
entries are Laurent polynomials. Recursiveness of (D) is equivalent to the re-
cursiveness of at least one entry in each column of the matrix. In particular, if
k =1, our assumptions imply that (D) = 1/p(D) for some polynomial p(D).
The encoding scheme we are considering is a particular kind of systematic
serial turbo encoder; the outer encoder is Rep,, the inner encoder is pny =
N o Sumg. The inner encoder ¢y can be considered as the truncation of a



proper convolutional encoder, which is not injective, but the transmission of the
systematic bits ensures injectivity and non-catastrophicity of the overall coding
scheme. Also notice that ¢y is recursive, in the sense that inputs of weight
one produce outputs with weight growing to infinity when N — oo; this will be
essential to our result about the interleaver gain.

The representation as serial turbo codes allows linear-time encoding, and it
is also useful for some performance analysis, as stated in the next sections. The
decoding can be performed exploiting the fact that these same codes can also be
seen as LDPC codes: a parity check matrix can be constructed in the following
way. Notice that a pair (u,c) € ZY x Z;N/ * belongs to our code if and only if
¢ = ¢y o Sum, oy o Rep,.(u), which is equivalent to Sum, o7y o Rep,.(u) +
Yy' (c) = 0 and can be represented with matrices as [Hy K] [¥] =o.

Notice that Hpy is a low-density matrix depending only on 7, s and on the
permutation 7y, and has at most s ones per row and r ones per column, while
Ky is a matrix depending on the choice of v, and is also low density, having a
number of ones per row and per column bounded by k(deg~1(D) + 1), where
by ‘deg’ we denote the difference between the largest and the smallest exponent
of a Laurent polynomial.

We give here some examples of encoders (D) satisfying our assumptions,
and of the corresponding matrices K. The properties peculiar to these en-
coders will be commented later.

(E1) If £k = 1 and 9(D) is the accumulator (D) = 1/(1 + D), we have the
so-called ‘staircase’ LDPC codes: Ky has ones on the diagonal and on
the lower diagonal, and zeros everywhere else.

1 0 0 0 0 0
1 1 0 0 0 0
K 0 1 1 0 0 0
= 1 0 1 1 0 0
N 0 1 0 1 1 0
0 0 1 0 1 1
1 1 D D?
(E?)) Let £ =3 and w(D) = 1+D3 D? 1 D |.
D D? 1

Its inverse is ¢~ }(D) = [é ](:1)) 1?)}, which gives:
1

(E4) Let k =3 and (D) = l L T .



. . 1 1+D~ ' D' o0 . .
Its inverse is v~ (D) = 0 1 Dp-' |, which gives:
1+D~' D7' 14D !
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3 Interleaver gain: average error probability

To analyze the performance of the coding schemes we have introduced, we will
follow the analysis of serial turbo codes in [1, 6]: we focus on the behavior in
the waterfall region and under the assumption that the decoding is Maximum
Likelihood. We build an ensemble by fixing 1 and letting the interleaver II be a
random variable uniformly distributed over S, n (the set of all permutations of
rN elements), and then we study the average error probability and particularly
its behavior when N — oo.

The coding ensemble presented here is included in the wide class of general-
ized serial turbo codes studied in [4]; here we state the results as applied to this
particular case and we give a rough idea of the proofs, referring the interested
reader to [4] for detailed proofs.

Our main result is that, for sufficiently large SNR, there is an interleaver
gain: the average bit and word error probabilities go to zero when N — oo,
provided that » > 2 and r > 3 respectively. The decay is polynomial in 1/N,
with an exponent increasing with r. More formally, denoting by P,(e) and P, (e)
the average bit and word error probabilities:

Theorem 1 Toke s > 2 and r > 2. Define p = L“z‘lj and
1 if v is even
d* =42 ifr=3
1+ dftr otherwise
where dftr is the smallest weight of a truncated error event of ¢n having an
input weight 1 (if k =1, then dqf’tr =1).

There exist positive constants vy, ¢1 and co (depending only on the ensemble,
i.e. on r,s,%(D)) such that, for all v < yo:

° clpd*N_“ < Bye) < cz'yd*N_” + O(N_“_l)

o cip” N < Py(e) < ey N+ O(NTH)



where p is the equivocation probability and 7y is the Bhattacharyya noise para-
meter of the channel. O

We prove the upper bound for P,(e) and the lower bound for P, (e); then

Thm. 1 follows as Py(e) > %Pw(e).
The upper bound is based on the Union-Bhattacharyya bound:

N)w d
SZ:IZN

r

—— N
where A, 4 is the average number of codewords of a serial ensemble with input
weight w and output weight d. For d > w,

- 1 (N
Aol = gy () ®

w
rw

where V,7} is the set of words v € Z5" such that wy(w) = h and wu(pn(v)) =
k.

Then we use some properties of the convolutional encoders to estimate
[V a_ |- First of all, we need to define V;7)¥  to be the set of words v € V7Y,
producmg exactly n error events of ¢y, plus possibly a final truncated error

event not counted by n. Clearly

Mmax

rwd w|_ Z' rwd w,n

n=0

Then, for some constants a,b > 0, we have the estimation:

S <N + TL) arwbdfw
n

The recursiveness of ¢ comes into the picture for bounding n,.«: it ensures
Pmax < |Tw/2], as every error event must have input weight at least two. When
r > 4, we use the bound nmax < [rw/2] for all terms, except some terms with
w = 1. We do not give here the proof for r = 2 and r = 3, which is different
because more values of w contribute to the main term of the estimations.

For r > 4, notice that we have defined d* in such a way that d* —1 is exactly
the smallest output weight of ¢ that can be obtained when the input weight is
r and there are |r/2] error events (plus possibly a truncated one). This comes
from the fact that every pair of ones in the output of Rep, can be permuted by
some interleaver in such a way that they are summed up by Sumg, producing
a zero output. The consequence is that if w = 1 and d < d* we know that
Nmax < [Tw/2] — 1.

Substituting these estimations in Eq. (1) and separating the term with w = 1,

|[Ven

rw,d—w,n




we get:

(r+s)N/s [r/2]
Py(e) < Z 'r]]-\/' Z <N+n> by
d=d* ( r ) n=0 n
d*—1 lr/2]-1
1 <N+”> rrd—1_d
- . by
2 2 U
(r+s)N/s d Ny lrw/2]
w ( ) (N+n> rwpd—w . d
+ — rw a"b Yy
2o2wey 2 U

Now we refer to [4] for a formal proof that, for sufficiently small ~, all these
series are convergent, and the first is bounded by ¢y¢ N—* while the second
and third are bounded by c(y)N~#~1.

Now we give a sketch of the proof of the lower bound. The key idea is that,
for all fixed d, '
Pole) = p P(d™ < d)

where d® is the minimum distance of the overall coding scheme (which is a
r.v. as the encoder is a r.v.).

We choose d = d* and we find a lower bound for P(d%" > d*); for simplicity
of notation we consider here only even 7. We fix some codewords of the repetition
code: ¢ = Rep,(D®) for all a € A={0,...,N —1}. We also fix an error event
of pn with input weight 2 and output weight 0, for example with input 1 4+ D
and then we construct the following inputs for ¢x: let B = {0,...,2N/s—1}"/?
and for any b = (b, ..., b,/2—1) € B define

r/2—1
up =Y DTN 4 D).
§=0
Clearly ¢, u; € Z5N and both have weight 7. Also notice that wy (¢n (uj)) = 0,
so that if II(c}) = uj then d™ < d*. Define the events E,p = {Il(c}) = uj}
and B, = U E4p, so that

beB
PR <d*) > | P(E,)
acA
> P(E,) =Y > P(E,NEy.)
a a a'#a
Then Z}P’(Ea) = |A| B L > cN—HTL

rN
. (")
For the term with intersections notice that E,p N Eyp = 0 if a # o' but
bj = b’; for some j, while

P(Eop N Eo pr) < P(H(c,’; +c)=u;+ uz,) = —



if a # a’ and b; # b’; for all j. So:

SO S B(EL N Ea) < A B —

a a'#a (7‘2]1\«])

If r > 3, then p > 2 and this concludes the proof.
For r = 2, the proof is slightly different: A and B must be chosen smaller
by some constant factor, ensuring that |A||B] (le) — | A% |B? (%\,) > 0.

2 4

< ON—2#+2

4 A better smaller ensemble and a design para-
meter

In the result given in Thm. 1, notice that there is essentially no dependency of
the exponents p and d* on the choice of the encoder ¥. Looking at traditional
serial turbo codes [1], we see that it is natural that p depends only on the free
distance of the outer encoder, but we expect a dependency of the effective free
distance d* on the inner encoder too. What happens with our schemes is that
pairs of bits which are repetition of a same information bit can be permuted by
some interleaver in such a way that they are summed up by Sumg, producing a
zero output. The value of d* is given by this ‘worse case’ scenario.

This remark suggests to consider a smaller family of interleavers, enforcing
that ones coming from the same error event of Rep, cannot end up in positions
where they would be summed up by Sumg. More precisely, we define the set

RY, = {m € Sen: li/r] = Lj/r] = |n(i)/s] # |7(5)/5]}

What we want to consider is an ensemble of encoders constructed as in
Section 2, except that now the permutation is uniformly distributed on Ri\fs
instead of all S, . Additionally to the motivation of finding a more interesting
effective free distance, this ensemble turns out to be a natural choice in analogy
with classical results for regular LDPC codes: restricting the permutation to
Ri\fs is the same as enforcing that the Tanner graph corresponding to the regular
part of the matrix, Hy, does not have cycles of length two. This new ensemble
is also equivalent to pick Hy uniformly at random in the set of N x N binary
matrices with exactly s ones per row and r ones per column.

As Rfd\fs is not a group, we cannot directly apply results from [4] (i.e. use
the same proof techniques sketched in the previous section). However, we can
slightly modify our techniques for estimating E(P;(e)|RY,), where E is taken
in the ensemble with IT uniformly distributed in S, x; notice that E(P,(e)|RY,)

is equal to the average P,(e) when II is uniformly distributed in RY

T8

which is

what we would like to estimate; we will also denote it Py(e),,,-
The key remark is that the probability that a permutation uniformly ex-
tracted from S,y belongs to RY, is non-vanishing: P(Ri\fs) — e (r=D(s=1)/2

when N — oo (see e.g. [2] Exercise 2.12 p. 59).



Notice that P(RY,) tends to a constant which is strictly smaller than one, so
even though the techniques we use are the same usually known as expurgation,
the result we will get is not the typical behavior of the ensemble introduced in
Sect. 3: we will find the average behavior of a subensemble which is neither
vanishing nor typical, but is well characterized.

Our main result is the following:

Theorem 2 Take s > 2 and r > 2. Define = |“3*| and
2 r=2,3

d:xp 1+ %dlﬁ evenr >4
= Y mm{df y+dl,, dﬁg} oddr >5

where d1 15 defined as in Thm. 1, while dv .2 and df‘3 are the smallest weight
of an error event of ¥ (D) having input wezght two and three respectively.

There exist positive constants g, ¢1 and ca (depending only on the ensemble,
i.e. onr,s,%(D)) such that, for all v < ~p:

N ClpdzxpN*# < Py(e) < oy desp N~ m4 O(N—H 1)

exp

° C1pd:”‘1’]\f_‘u—’_1 < m < ey dexp N —HF +O(N™")

exp —

O

Now we show how the proof sketched in Section 3 for Theorem 1 can be
adapted to prove Theorem 2.
For the upper bound, by the union-Bhattacharyya bound:

Pe) <3007 - E(AN ()| RY,)7"
w d

where Aﬁd(w) is the number of codewords of the concatenated scheme with
input Hamming weight w and output Hamming weight d for a given permutation
™ e S’I‘N'

For most of the terms, we will use the estimation

E(AN () A
B(AY ,()IRY,) < (P(‘jgfv(»))) = b )

and the fact that ]P’(Rf,\fs) is bounded away from zero, so that we can exploit all

——N
what we know about > Y A, 4 v
We consider separately the term with w = 1 (as in the previous section, we
are writing the proof for r > 4). First notice that

E(AY,(M[RY,) =N > P(I(Rep, (1)) = v|RY,)

PN
veV, "o



Then let SN = {v s.t. [i/s| # [j/s] Vi # j:v; =v; = 1} and notice that v ¢
SN gives P(II(Rep,.(1))= v N RY,) =0, so that

E(AY,IIRY,) = N > P(I(Rep,(1)) =v|R,)

veVIN NSy

<NV NSV ————
>~ | r,d—1 s | (TN)P(RN)

Mmax

Then, |Vrﬁv—1 N S;N‘ = Z |‘/:PdN—1,n N Sév‘
n=0
The recursiveness of @y ensures nm.x < [r/2], but also notice that if
wg(v) = r and v € Vfé\’il’n N SN, then wy(pn(v)) > dyyp> S0 that for
d < dg,, we have the tighter bound ny.x < [r/2] — 1. Finally, we estimate

PN N PN : . .
Vi1, NS < VAT, | and we end the proof as in the previous section.

Let’s see how to adapt the proof of the lower bound (again for simplicity let r
be even). We take the same A and ¢} as in the previous proof. On the contrary,

rN/s

we have to choose different uy, to produce output weight dz, . Let v € Z,

be an input for ¥ with weight 2 producing an error event of output weight
diﬁ‘2; let L be the length of the error event (the number of trellis steps where it
diverges from the all-zero state); also assume that the error event starts at time
zero: v = 1+ D* for some 1 < t < kL. Now define B = {0,..., |53+ | —1}"/2

and

r/2—1
'U/; —_ Z DSkLbj+j28kLN(1+Dst)
7=0

so that wg(pn(up)) = di,, — 1. Re-defining F, with these new wuy, we have

E (Py(e)|RY,) > plorP(AF™ < i, |RY)

exp
> p'oP( | Bl RY,)
acA

Then we use again the union-intersection bound.
First of all, notice that P(Eq s N Rﬁfs) does not depend on @ and b and is
non-zero. Then, to find a lower bound for Y~ P(E,|R},), define the events

r—1

Fé\’fl’i - {H(CZ) — ZDlj+ij}

j=0
and notice that, for any a € A, b € B, we have

PR = >, > PB(RILNEL)

lo<-<lp—1 05eenslr—1
0<l; <N 1 0<ij<s—1

N
= (T /S) s" ]P’(R,J,\’IS N Ea,b)

r



P(E.NRY,)  |B|

so that P(E,|R)Y,) = P(RYN,) (TN/S) o and finally
1
3 B(BIRY,) = |A][B] e = N
acA ( r )S

For the term with intersections, we use the simple bound

P(Eq N Ear N RY,) - P(Eq N Eqr)
P(RY,) - P(RY)

P(Eq N Eq/|RY,) =

Then we exploit the fact that IE”(R{XS) is bounded away from zero and we estimate
P(E, N Ey) as in the previous section, ending the proof with

1
N ~N—2u+2
2 P(Fa ol < gy 2 F(Fa N Far) SEN
a,a’c A “’a,a’'€ A
a#a’ a#a’

5 Conclusion, conjectures and open problems

In this paper we have presented an analysis of the average error probability of
the ensemble of LDPC codes obtained by a serial interconnection of a regular
repetition code with a generic recursive inner code. We have also studied the
sub-ensemble obtained by preventing the appearance of 2-cycles in the Tanner
graph. We have proved that both ensembles have the same interleaver gain:
they have average error probability polynomially going to zero when 1/N — 0,
with the same exponent. We have found that their behavior when the SNR
goes to infinity is not the same, and in the second ensemble it is influenced by
a parameter depending on the choice of the inner encoder v, providing a design
parameter for such schemes.

Our results leave space for further interesting investigations. For classical
serial turbo codes, the ensemble analysis has been done not only studying the
average error probability, but also finding the typical behavior [3], which turned
out to have a sub-exponential decay (much better than the polynomial decay of
the average code, but worse than the exponential decay of typical error proba-
bility of LDPC regular ensemble). A careful adaptation of the proofs in [7, 3],
which is beyond the scope of this paper and will be discussed elsewhere, allows
to extend those results to the ensemble described in Section 3, in the following
way. Consider the ensemble described in Sect. 3 and define the random vari-

ables Xy = % and Yy = W. When N — oo, the result
is that Xy and Yy converge in probability to the constant 3 (the latter only
for sufficiently high SNR), where 3 = 1 — 2/r. Even for classical serial turbo
codes the parameter # depends only on the free distance of the outer encoder.
However, we are working on a more detailed analysis which can underline the

role played by d?,? the smallest output weight of the inner encoder restricted to

10



inputs of weight two. We conjecture that for the ensemble of codes considered
in this paper the key parameter would not be d?z, which is always zero, but

d;f’Q, without the need to restrict the ensemble as in Section 4.

" Another important further study concerns the decoding. The simplest idea
is to run the Sum-Product iterative decoding on the Tanner graph exactly as
it is done for LDPC codes. We are currently investigating the real significance
of our distance parameter in real simulations with such decoding, and the first
results do not show the clear hierarchy we would expect. We conjecture that
this is related to the fact that some encoders have many cycles of small length in
the structured part of their Tanner graph, and this can make their performance
significantly worse. For example, with k& = 1, the accumulator has d;f)Q =1,

while the encoder in Example (E2) has d}l-’Q = 4, but the first one has no
cycles in the structured part of the graph, ‘while the latter has O(N) cycles
of length six which can explain why it does not outperform the accumulator.
We are currently exploring the possibility to overcome this problem, either by
constructing encoders with cycles of reasonably large length, or by focusing on
encoders with £ > 1. This second approach allows both to get more encoders
without cycles in the structured part (an example is (E3), which however has
only d;ﬁ’)Q = 1) and to construct encoders which do have cycles of small length
on the bitwise level, but if considered blockwise (with symbols of k bits) have
a staircase structure: see example (E4), which has d}b-Q = 3. We think that
this last kind of codes can provide a better performance, when a proper decoder
acting on symbols is applied to them.
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